a r t i c l e i n f o a b s t r a c t We express a basis for the vector space of finite type invariants of order less than or equal to three for an embedded handcuff graph in a 3-sphere in terms of the linking number, the Conway polynomial, and the Jones polynomial of the sublinks of the handcuff graph.
have given a basis of A n for the theta curve of order 4 and the spatial handcuff graph of order 3, respectively, which eventually gave a basis of V n /V n−1 . This paper is organized as follows: In Sections 2-5, we briefly explain a finite type invariant for a spatial handcuff graph, including the space of chord diagrams. In Section 6, we give a spanning set for A n , n 3. In Sections 7 and 8, we give a basis for V n /V n−1 , n 3, which allows us to give a basis of A n (Corollary 8.2). Then comparing the result of the space of finite type invariant of order 3 for an ordered 2 component oriented links in [14] , a finite type invariant of order 3 for a spatial handcuff graph is determined by the link consisting of the two loops, and is not affected by the connecting edge (Corollary 8.3).
Spatial handcuff graph
Two spatial handcuff graphs Φ and Φ are equivalent if there is an orientation preserving homeomorphism h of S 3 such that h(Φ) = Φ and h| Φ : Φ → Φ is orientation preserving. If two spatial handcuff graphs are equivalent, then they are related by a finite sequence of the five moves (I)-(V) on diagrams as shown in Fig. 2 ; see [16, 31] . They are called generalized Reidemeister moves for spatial graphs.
Finite type invariant
A singular spatial handcuff graph is the image of an oriented handcuff graph under an immersion into S 3 whose only singularities are transverse double points. We assume that a double point on a singular spatial handcuff graph is a rigid (or flat) vertex. Let v be an invariant of a spatial handcuff graph in S 3 , which takes values in the rational numbers Q. We may extend it to a singular spatial handcuff graph via the Vassiliev skein relation:
where Φ x is a spatial handcuff graph with x a double point and Φ x + , Φ x − are ones obtained from Φ x by replacing x by a positive crossing x + and a negative crossing x − , respectively. Then v is a finite type invariant of order n if v(Φ) = 0 for an arbitrary singular spatial handcuff graph Φ that has more than n double points. If v is of order n but not of order n − 1, then v is called a finite type invariant of order n.
Denote by V n the vector space consisting of all finite type invariants for a spatial handcuff graph of order n. There is a filtration:
Note that the finite type invariants form an algebra, that is, the product of a finite type invariant of order m and one of n is a finite type invariant of order m + n; cf. [ 
where O is the unknot and L + , L − , L 0 are three links that are identical except near one point where they are as in Fig. 3 .
We denote by a n (L) the coefficient of z n of the Conway polynomial ∇(L). For a spatial handcuff graph Φ having two loops e 1 and e 2 , we use the following notations:
• λ(Φ) k denotes the kth power of the linking number of e 1 and e 2 ; λ(Φ) 
(3.9)
In fact, according to Stanford [27] , a finite type invariant of a 2-component link e 1 ∪ e 2 or a knot e i (i = 1, 2) is a finite type invariant for Φ. Bar-Natan [1] has shown that the coefficient of the Conway polynomial of a link L is a finite type invariant for a link L. Birman and Lin [4] proved that the Jones polynomial of a knot can be interpreted as an infinite sequence of finite type knot invariants, and Stanford [28] generalized this for a link. See also [13, 14] . [15, p. 13] . For a knot K , V (2) (K ; 1) = −6a 2 (K ); see [23, 24] .
The following is an immediate consequence of Eq. 
Space of chord diagrams
We denote by D the Q-linear space spanned by chord diagrams for a handcuff graph, which is naturally graded by the number of chords. We denote by D n the subspace of D that is spanned by the chord diagrams of order n. We consider the four kinds of relations in D and D n as shown in Fig. 7 ; (FI) the framing independence relation, (4T) the 4-term relation, (VE) the vertex-edge relation, and (RV) the relation induced from the generalized Reidemeister move (V). There is also the relation (3T), which is implied from the relations (4T) and (FI). We consider the quotient space of D n modulo the relations (FI), (4T), (VE), (RV), which we denote by A n .
There is a natural map V n → A * n sending every finite type invariant of order n to the corresponding linear function on A n , which induces a monomorphism V n /V n−1 → A * n . Moreover, this map is surjective, that is, for a spatial handcuff graph, the "Kontsevich Theorem" also holds; Jun Murakami and Ohtsuki [25] have shown the following (over the field of complex numbers C, and for any spatial trivalent graph). However, we do not use that V n /V n−1 → A * n is surjective. For the space A n , we give some lemmas, which we will use in Section 6. Let α be a chord diagram of order n. If the number of the endpoints of chords on the edge e i is k i (i = 1, 2, 3), then we call α a chord diagram of type (k 1 , k 2 , k 3 ) ,
Proof. Using the relation (VE), α is a linear combination of the chord diagrams of type (
). So by induction we obtain the result. 2
Proof. Suppose that k 1 = 0, k 3 > 0. Using the relation (VE), we have:
Since the last two chord diagrams are the same, we have α = 0 in A n . 2
For an order n chord diagram α of type (2n, 0, 0) (resp. (0, 2n, 0)), we denote by R 1 (α) (resp. R 2 (α)) the chord diagram for a circle obtained from α by deleting the edges e 2 and e 3 (resp. e 1 and e 3 ).
Proof. For example, this lemma claims that the following equality holds:
. 
Chord diagrams of order 3
In this section, we give a spanning set for each of A 1 , A 2 , and A 3 .
There is only one admissible chord diagram of order one α 1 as shown in Fig. 8 , and so A 1 is spanned by α 1 . A 2 is spanned by the chord diagrams β 1 , β 2 , β 3 as shown in Fig. 9 . 
Lemma 6.1. The space
(6.9) 
Table 1
Values of finite type invariants. 
Handcuff graphs
U H + H − T 1 T 2 T 1 ! T 2 !
Finite type invariants of order 2
First, we give a table of spatial handcuff graphs in Fig. 17 (cf. [21, 22] ), and their invariants in Table 1 , where T 1 !, T 2 ! are mirror images of T 1 , T 2 , respectively. We will use them in Sections 7 and 8.
(i = 1, 2, 3) be the singular spatial handcuff graphs as shown in Fig. 18 respecting the order one or two chord diagrams α 1 , β i , respectively.
Using the Vassiliev skein relation (3.1), we have:
where H + , H − , T 1 , T 2 are spatial handcuff graphs as shown in Fig. 17 . Proof. Since there is only one admissible chord diagram of order one, α 1 (Fig. 8) , by Proposition 4.3, we have
for some integer p. Then by Eq. (7.1), we have (7.4) and so we have 
(ii) 
for some integers p, q i . Then
and so we have 
Finite type invariants of order 3
Let M 
where A = v(U );
(8.7)
(8.8)
(8.10) 
where 
where we have the following corollary; see also Theorem 3.1 in [12] . Note that V (3) (K ; 1) = (3/4)P (3) 0 (K ; 1) for a knot K , where
0 (K ; 1) is the third derivative of the 0th coefficient polynomial of the HOMFLYPT polynomial of K at t = 1; see [20] , [13, (5.9) ].
Corollary 8.3. If n 3, then n is an isomorphism.
This means that a finite type invariant of order 3 for a spatial handcuff graph is determined by the link consisting of the two loops, and is not affected by the connecting edge e 3 . So we are interested in the following question.
Question 8.4.
Is n an isomorphism for n 4?
